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Abstract 

A short overview of the bihiard approach for cosmological-type models with n 
Einstein factor-spaces is presented. We start with the bilhard representation for 
pseudo-Euchdean Toda-Uke systems of cosmological origin. Then we consider cos- 
mological model with multicomponent "perfect-fluid" and cosmological-type model 
with composite branes. The second one describes cosmological and spherically- 
symmetric configurations in a theory with scalar fields and fields of forms. The 
conditions for appearance of asymptotical Kasner-like and oscillating behaviors in 
the limit r +0 and r — > +oo (where r is a "synchronous-type" variable) are for- 
mulated (e.g. in terms of inequalities on Kasner parameters). Examples of billiards 
related to the hyperbolic Kac- Moody algebras Eiq, AE^ and Aijj are given. 
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1 Introduction 



This paper is devoted to the bilhard approach for multidimensional cosmological-type 
models defined on the manifold u+) x Mi x . . . x M„, where all Mj are Einstein spaces. 
This approach was inspired by Chitre's idea [1] of explanation the BLK-oscillations [2J 
in the mixmaster model (based on Bianchi-IX metric) H] by using a simple triangle 
billiard in the Lobachevsky space H^. 

Let us briefiy overview the "history" of the billiard approach in multidimensional cos- 
mology. In multidimensional case the billiard representation for cosmological model with 
multicomponent "perfect" fiuid was introduced in [51 El 01 • paper [7J the finiteness 

of the billiard volume was formulated in terms of the so-called illumination problem, the 
inequalities on Kasner parameters were written and the "quantum billiard" was also con- 
sidered. The mathematical quintessence of the derivation of billiard representation was 
considered in our paper [8] devoted to pseudo- Euclidean Toda-like systems of cosmological 
origin. 

The billiard approach for multidimensional models with scalar fields and fields of forms 
(e.g. for supergravitational ones) was suggested in our paper [9]. This paper contains the 
inequalities on Kasner parameters that played a key role in the proof of Damour and 
Henneaux conjecture on "chaotic" behavior in superstring-inspired (e.g. supergravita- 
tional) models [TO] (for more detailed explanation see review article [Uj). We note that 
at the moment there are no examples of cosmological (^-brane) configurations in D = 11 
supergravity with diagonal (or block-diagonal) metrics that have an oscillating behaviour 
near the singularity (see [12] )■ 

There was also an important observation made in [13] : for certain superstring-inspired 
(e.g. supergravitational) models the parts of billiards are related to Weyl chambers of 
certain hyperbolic Kac-Moody (KM) Lie algebras [TH [I5l [Ml [IT] . This observation dras- 
tically simplifies the proof of the finiteness of the billiard volume. Using this approach 
the old well-known result of Demaret, Henneaux and Spindel [18] on critical dimension of 
pure gravity was explained using hyperbolic algebras in [T9] . 

It should be noted that earlier few examples of hyperbolic KM algebras were considered 
in our papers (with co-authors) [201 Ell E2] in a context of exact solutions with branes, 
see also [23] . 

Here we overview some our results from [3 [9l [8] with a certain generalization, e.g. we 
consider two asymptotical regions when i) r — +0 (labelled hj e = +1) and ii) r — > +oo 
[e = —1) where r is a "synchronous- type" variable (it may be time variable or radial 
variable for spherically-symmetric configurations in the model with form fields and scalar 
fields) and give some concrete examples, related to hyperbolic KM algebras. 
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2 Billiard representation for pseudo-Euclidean Toda- 
like systems of cosmological origin 

Here we consider a pseudo-Euclidean Toda-like system described by the following La- 
grangian 

L = L{z%z\U) = ^AT-Vfci'i' - Ar\/(^), (2.1) 
where A/" > is the Lagrange multiplier (modified lapse function), 

ijlab) = diag(— 1, +1, . . . , +1) is the matrix of minisuperspace metric, a,b = 0, . . . , N — 1, 
and 

M 
a=l 

is the potential, all Aa ^ 0. 

We consider the behavior of the dynamical system (12.11) for > 3 in the limit 

z^ = -(^0)2 + {gf -oo, z = (z°, z) G V_„ (2.3) 

where V_e = {{z^,z) G : ez^ < — 1£|} is the lower or upper light cone for e = +1,-1 
respectively. The limit (12.31) implies z^ — >■ =Foo for e = ±1. For e = +1 it describes (under 
certain additional assumptions imposed) approaching to the singularity in corresponding 
cosmological models. 

We impose the following restrictions on vectors u°' = {uq,u°') in the potential (12.21) 



1) A, > if (u°)2 = -{u^f + {^rf > 0; (2.4) 

2) eu^ > if (u")2 < 0. (2.5) 

Let us consider the behavior of the dynamical system, described by the Lagrangian 
(12.11) for > 3 in the limit (12.31) . We restrict the Lagrange system (12. ip on V_£. 

Remark 1. In a general case the shifted cone V-eijf) = {{z^, z) G : e{z^ — rf) < 
— \z — f]\] should be considered, where r] = {rf^ff). Here we put = for simplicity. 

We introduce an analogue of the Misner-Chitre coordinates in V-s. 



^° = -^exp(-e/)^^, (2.6) 



\y\ < 1, and fix the gauge 



^=-2£exp(-5/)-^, (2.7) 
1 - 1/ 

M = exp(-2ey°) = -z'^. (2.8) 

In what follows we consider (A^ — l)-dimensional Lobachevsky space H^^^ realized 
as a unit ball H^~^ = D^^^ = {y = [y^ ^ . . . ^y^^^) : \y\ < 1} with the metric h = 
A6ij{l-f)~^dy'®dyJ. 
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The set of indices A+ = {a : (-u")^ > 0} defines a billiard B in ^: 

5= fl (2.9) 

where the subset B{u'^) consists of points y G D"^^ obeying: 

i) iy- v^y > - 1 for eu^ > 0; 

ii) iy-v'^f < {y'^f - 1 for eu'^ < 0; 

iii) eyu°' > for Mq = 0; 
a e A+. 

Here 

= -?r/< for ^ 0. (2.10) 

i? is an open domain. Its boundary OB = B\B is formed by certain parts of m+ = | A+ 1 
(A^ — 2)-dimensional planes or spheres with centers in the points fl2.10p (l^;"! > 1) and 
radii = \/ (w")^ — 1. 

It may be shown that in the limit y'^ — > —eoo (or, equivalently, in the limit 02.31) ) the 
Lagrange equations for the Lagrangian fl2.ll) with the gauge fixing (12.81) (under restrictions 
(12.41) and (12. 5p imposed) are reduced to Lagrange equations for the Lagrangian 

LB = ^h,,iy)yy-Viy,B), (2.11) 

where 

V{y,B)= 0, yeB, 

+00, yED^-^\B, (2.12) 

is a potential describing m+ billiard walls. The ?/°- variable is separated: y° = uj(t — to), 
(u; 7^ , to are constants) and the energy constraint Eb = should be imposed (for 
£ = 1 see [HE]). 

We put uj > 0, then the limit t —eoo corresponds to (12.31) . When A+ = 0, we 
have B = D^~^ and Lagrangian (12. lip describes the geodesic flow on the Lobachevsky 
space H^^^. In this case there are two families of non-trivial geodesic solutions (i.e. 
y(t) 7^ const): lines or semi-circles orthogonal to the boundary 5*^"^ [7]. 

When A_|_ ^ Lagrangian (12. lip describes a motion of a particle of unit mass, moving 
in the billiard B. For cosmological models (see next section) the geodesic motion in B 
corresponds to a "Kasner epoch" and the reflection from the boundary corresponds to a 
change of Kasner epoch. 

When billiard B has the infinite volume there are open zones at the infinite sphere 
1^*1 = 1. After a finite number of reflections from the boundary the particle (in a general 
case) moves toward one of these open zones. For the corresponding cosmological model 
we get the "Kasner-like" asymptotical behavior in the limit t —>■ —eoo . 

For (non-empty) billiards with finite volume the motion of the particle describes an 
"oscillatory-like" asymptotical behaviour of the corresponding cosmological model in the 
limit t — ^ —eoo. 

In [7] we proposed a simple "illumination" criterion for the finiteness of the volume of 
B, which in the extended form is: 
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Proposition 1. The billiard B Ii2. 9\) has a finite volume if and only if: the point- 
like sources of light located at the points v°' Ii2.10\) for eUq > 0, the sources at infinity 
—ooeu'^ for Mq = and "anti-sources" located at points Ii2.10\) for sUq < illuminate the 
unit sphere S^""^. For "anti-source" the shadowed domain coincides with the illuminated 
domain for the usual source located at the same point (and vice versa). 

This proposition was proved in [7] for usual sources of light, when all Uq > and 
e = +1. 

The problem of illumination of a convex body in a vector space by point-like sources 
for the first time was considered in p4ll25]. For the case of 5*^"^ this problem is equivalent 
to the problem of covering the spheres with spheres [26l [27] . There exists a topological 
bound on the number of usual point-like sources m+ illuminating sphere 5"^"^ [25] : 

m+ > N. (2.13) 



3 Billiard representation for a cosmological model 
with m-component perfect-fluid 

In this section we consider a cosmological model describing the evolution of n Einstein 
spaces in the presence of m-component perfect-fiuid matter. The metric of the model 

n 

g = -exp[2-f{t)]dt^dt + '^exp[2x'{t)]g\ (3.1) 

i=l 

is defined on the manifold 

M = (t_, t+) X Ml X . . . X M„, (3.2) 

where the manifold Mj with the metric g^ is an Einstein space of dimension di, Rrmni [g^] = 
iiQlniUii i = ■ ■ ■ yfi; n > 2. Here and in what follows g^ = p*g^ is the pullback of the 
metric g^ to the manifold M by the canonical projection: pi : M ^ Mi, i = 1, . . . ,n. 
The energy-momentum tensor is adopted in the following form 



m 



r^ = ^r;fH, (3.3) 

a=l 

{T^^-^) = diag(-p(")(t),p(")(t)C, • • ■J:\t¥T:). (3.4) 
a = 1, . . . , m, with the conservation law constraints imposed: 

VMTi'^"^=0 (3.5) 

a = 1, . . . , m — 1. 

The Einstein equations 

< - l^'r^R = ^'T^ (3.6) 
{h? is the multidimensional gravitational constant) imply \/ mT^ = and consequently 
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We suppose that for any a-th component of matter pressures in all spaces are propor- 
tional to a density 

P?^W= (^l-^jp("Ht), (3.7) 

where uf"* are constants, i = 1, . . . , n; a = 1, . . . , m. 

The conservation law constraint (13. 5p reads p*^"^ + X]r=i diX^{p''°'^ = and hence 
using (13. 7p we get 

p{a) ^ ^(a) exp[-2d,x* + uf'^x'], (3.8) 

where A^°'^ are constant numbers. 

It was shown in [28l [7] that the Einstein equations (13. 6p for the metric (13.11) and the 
energy- momentum tensor (13.31) . (13.41) with (13.71) are equivalent to the Lagrange equations 
for the following degenerate Lagrangian 

L = ^ exp(-7 + jo{x))Gijx'x^ - exp(7 - jo{x))V{x), (3.9) 

where 

n 

^, = Y^d,x\ (3.10) 

i=l 

and 

Gij — di^ij — didj (3.11) 
are components of minisuperspace metric [2S], and 



^ n m 

V = V{x) = "2 5Z ^^^^ exp(-2x' + 27o(x)) + ^ z^^A^") exp(Mf (3.12) 
is the potential. 

The relation (I3.12p may be also presented in the form 

M 

V = ^A^e^v{ufx'), (3.13) 

where M = m + n; Aq, = k'^A^°'\ a = 1, . . . , m; Am+i = —\^idi and 

^™+^) = 2(-5} + rf,), (3.14) 

hi = l,...,n. 

Diagonalization. 

The minisuperspace metric G = Gijdx^ C?> dx^ has the pseudo-Euclidean signature 
(— , -!-,...,+) [29], i.e. there exists a linear transformation 

z" = e^x\ (3.15) 

diagonalizing the minisuperpace metric: G = rjabdz"' (8> dz'' where 
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iVab) = iv"^) = diag(-l, +1, . . . , +1), a, 6 = 0, . . . , n - 1. 
Like in [29] we put 

^0 = eOx' = q = [{D - 1)/{D - 2)]'/^ (3.16) 

For the volume scale factor v = exp(^"^-^ djX*) = exp(gz°) we get v ^ +0 for — oo 

and V +00 for —* +oo. 
Let us denote 

< = ey^\ (3.17) 

a = 0, . . . , n — 1, where (e^) = (e")~^. 

Then the Lagrangian (13.90 written in z-variables is coinciding with the Lagrangian 
(12TT1) with N = n, M<n + m and A/" = exp(-7o + 7) > 0. 

It was shown in [7] that 



n 



^«;"M/g(D-2). (3.18) 



and 

(m")2 = («("), «(")), (3.19) 

where {u,v) = G^^UiVj, 

6'^ 1 

«"' = ^+231J (3,20) 

are components of the matrix inverse to {Gij), D = 1 + Yl^=i is the dimension of the 
manifold (K2\ ) 

For the curvature M-vectors we get 

= 2/q > 0, (3.21) 

and 

(w"+i)2 = 4 _ 1^ < 0, (3.22) 

for dj > 1, j = 1, . . . , n. For dj = 1 we have = Am+j = 0. 
Billiard restrictions. 

The restrictions 1) and 2) (see ([MD and (Q) read (due to (13181) - (13:221) ): 

1) > if («("),«("))> 0; (3.23) 

n 

2a) £ ^ ^ > if («("),«(")) < 0; (3.24) 

i=l 

2&)e, = 0, j = l,...,n, if £ = -1. (3.25) 

The last condition means that all factor spaces Mj should be Ricci-fiat when the case 
£ = — 1 is studied. 

Kasner-like parametrization. 
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Let the billiard has an infinite volume and hence there are open zones at infinity. It 
may be shown (along a line as it was done in [7j when all Uq > and e = +1) that 
the geodesic motion in i/""^ towards one of these zones corresponds to "Kasner-like" 
asymptotical behaviour of the metric fl3.ip in the limit when r — > +0 for e = +1 oi 
T +00 for e = —1. Here r is the synchronous time variable. The asymptotical form of 
the metric reads 



n 



gas = -dT^dT + J2 AT^"^g\ (3.26) 

i=l 

n n 

J2 dia' = di{a' f = 1, (3.27) 

i=l 1=1 

where > are constants. Here the Kasner parameters obey the following inequalities: 

n 

Yeuf^a'>Q, (3.28) 

i=l 

V E A+. 

The Kasner set a = (a*) is in one-to-one correspondence with the unit vector n G S*""^: 
a* = e\n'^/q, (n") = (l,n). 

The criterion of the finiteness of the billiard volume (see Proposition 1) may be refor- 
mulated in terms of inequalities on the Kasner-like parameters. 

Proposition 2. The (non-empty) billiard B h2. 9\] has a finite volume if and only if 
the set of relations ([J.i^Tp, / IJ. 21^) is inconsistent. 



This proposition may be proved along a line as it was done in [7] when all Mq > 
and e = +1. For finite (non-zero) billiard volume we get a never ending asymptotical 
oscillating behaviour. 

Remark 2. Let all factor spaces are Ricci-flat, i.e. = 0, j = 1, . . . , n. It is not 
difficult to verify that for a fixed diagonalization procedure 03.151) - 03.171) the billiard B 
02.91) is unchanged when the following transformation of parameters is performed: 

«(")^ e^-e, (3.29) 

i = 1, . . . , ra, a = 1, . . . , m. In terms of the parameters w^^^ = 1 — (i.e. p-"^ = 

'^'f^P^°'^)i the first formula in relation 03.291) reads: w'f'' i— > w'f^ = 2 — w'f\ 

Thus, for a given billiard B describing the behaviour near the singularity (either 

Kasner-like or never-ending oscillating one) as r — > -|-0 {e = +1) we get the same billiard 

B for r +00 {e = —1) when the u-parameters are replaced according to 03.291) . 

Remark 3. For a fixed diagonalization procedure 03.15p - p.l7p the billiard B from 

Section 2 is unchanged when the following transformation of parameters is done: 

^ \ia)u'r\ (3.30) 

where A(a) > 0, i = 1, . . . ,n, a = 1, . . . ,m. Here e is unchanged. 

In terms of the w-parameters the relation O3.30p reads w^"'^ ^ wf"^ = A(q) [w^"^ — 1) -|- 1. 
Collision formula. 
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Let the billiard B has a finite volume. In this case we get a never ending oscillation 
behaviour in the asymptotical regime. In a period between two collisions with potential 
walls we have a Kasner-like relations for the metric (13.261) with a-parameters obeying 
(I3.27p . It may be shown (along the line as it was done in [30j for S'-brane solutions) that 
the set of Kasner parameters {a *) after the collision with the s-th wall (corresponding 
to the s-th component), s G A+, is defined by the Kasner set before the collision (a*) 
according to the following formula 

" ~ 1-2mW(«)(mW,m^)(mW,m(''))-i' ^^'^^^ 
i = 1, . . . , n. Here u'^^^a) = uf^a^, u'^''^^'' = G^^u^^^ and = 2di. 

4 Billiard representation for a cosmological-type model 
with branes 

Now, we consider the model governed by the action 

S= f d'>zy^\{R[g]-2A-h^^g''''dM^''dNV^ (4.1) 

where g = gMNdz^ ® dz'^ is a metric on the manifold M, dimM = D, ip = (</)") G M' 
is a vector from dilatonic scalar fields, (hais) is a positive-definite symmetric / x / matrix 
(I eN), Oa ^ 0, F" = dA" = —,F'L^ ^ dz^^^ A ... A dz^"- is a n^-form (n^ > 2) on 
a D-dimensional manifold M, A is a cosmological constant and is a 1-form on R' : 
Aa(^) = Ka^", a G A, a = 1,...,/. In (glD we denote \g\ = |det(^Miv)|, {F^ = 
^Mi M„ Nn 9^^^^^ ■ ■ ■ (jf^^"'^^"" , a G A, where A is some finite set. In models with one 
time all 6a = ^ when the signature of the metric is (—1,-1-1,. ..,-|-l). 

We consider the manifold 



M = (u_, M+) X Ml X ... X M„, (4.2) 



with the metric 



^ = ^i;e-'(")dn®du + ^e2"'(")^\ (4.3) 



.^li^ ^^^^^ 

1=1 

where w = ±1, g^ = g^ n iyi)^yT' ®^y?' Einstein metric on Mj satisfying Rmimlg^] = 
^idm.n^y = ■ ■ ■ y = coust, i = 1, ... ,12. The fuuctious 7, X* : (m_-, n+) M are 

smooth. We denote di = dimMj; i = 1, . . . ,n] D = 1 + Y17=i ^i- Here m is a variable by 
convention called "time". 

We consider any manifold Mj to be oriented and connected. Then the volume c/j-form 

ri = V^?M dylA...A dyt , (4.4) 
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and signature parameter 



e{2) ^ sign{det{gl^J) = ±1 (4.5) 
are correctly defined for all i = 1, . . . , n. 

Let Q = Q{n) be a set of all non-empty subsets of {1, . . . , n}. The number of elements 
in Q is \Q\ = 2" — 1. For any I = {ii, . . . , ik} G fi, ii < . . . < ifc; we denote 



r(/) = f,,A...Af,,, (4.6) 

5(/)=£(2l)...£(2fc), (4.7) 

diI) = J2di- (4.8) 

Here fj = p*fi is the pullback of the form Tj to the manifold M by the canonical 
projection: pi : M ^ Mi, i = 1, . . . ,n. We also put r(0) = £:(0) = 1 and (i(0) = 0. 
For fields of forms we consider the following composite electromagnetic ansatz 

pa _ jr(a,e,I) _|_ jz{a,m,J) {^■'^) 

where 

jr{a,e,I) ^ ^^{a,e,I) ^^^j^^ (4.10) 

jrKm,J) _ g-2A„M ^ ^^^(a,m,J) ^^j^^ ^^^^^^^ 

are elementary forms of electric and magnetic types respectively, a G A, / G fia.e, 
J £ ^a,m and fia^t, C fi, f = e, m. In (14.111) * = is the Hodge operator on {M,g). 
For scalar functions we put 



= <^"(m), r = r (m), (4.12) 



s G 5. 

Here and below 



{a} X {v} X (4.13) 

v = e,m (U means the union of non- intersecting sets). The set S consists of elements 
s = {as,Vs,Is), where G A is the colour index, Vs = e,m is the electro-magnetic index 
and set Is G ^as,vs describes the location of a brane. 

Due to fl4l^ and fHTTD d{I) = - 1, d{J) = D -Ua-l, ioi I E fia,e and J G fia,™ 
(i.e. in electric and magnetic cases, respectively). 

Restrictions on brane intersections. Here we put two restrictions on sets of branes 
that guarantee the block-diagonal form of the energy-momentum tensor and the existence 
of the sigma- model representation (without additional constraints): 

(Rl) d{lnJ)<d{I)-2, (4.14) 
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for any I, J & ^a,v, a E A, v = e,m (here d{I) = d{J)) and 

(R2) d(/nJ)^0, (4.15) 

for any / G Qa,e, J e ^a,m, a e A. 

It follows from [31] that equations of motion for the model (14.11) and the Bianchi 
identities: dj^' = 0, s E Sm, for fields from (|13D-(|4l2D, when Restrictions fITOl) 

and (I4.15P are imposed, are equivalent to equations of motion for the 1-dimensional a- 
model with the action 



S^= du^^-'^^GAB^^cr'' + J2£sexp[~2U'ia)]{^'f-2^^^V^Y (4.16) 
where X = dX/du, 

n 

= -^i;Ae2^«(-) + I J]eiC^^e-2-'+27o(x) (4.17) 

i=l 

is the potential, 70 (x) = Yl^=i ^i^^ — 6xp(— 70 + 7) > 0. 

In fHTTl) ((T^) = {x\ (/?"), the index set S is defined in f lCTj) . 

{GAB) = dmg{Gij,h^(3) (4.18) 
is the matrix of a minisuperspace metric and 

U'ia) = W^a^ = Y,d^x' - XsKA^). {U%) = {d^S^, -XsXa.a) (4.19) 

are the so-called t/-(co)vectors, s = {as,Vs,Is)- Here Xe = +1 and Xm = —1; 

S} = J25] (4.20) 

is an indicator of i belonging to /: 6} = 1 for i E I and 5j/ = otherwise; and 

Es = e{Is)6a, for Vs = e; = -e[g\e{Is)6a, for = m, (4.21) 
s E S, and £[(7] = signdet((7MAf)- 

Now we integrate the Lagrange equations corresponding to (i.e. the "Maxwell 
equations" for s E Se and Bianchi identities for s E Sm)'- 



4- ( ^f~^ exp(-2U'(a))^') = ^ = Q^Af exp(2U'(a)), (4.22) 
du \ / 

where Qs are constants, s E S. We put Qs ^ for all s E S. For fixed Q = (Qs, s E S) 
the Euler-Lagrange equations for the action (I4.16P corresponding to (cr^) = {x\ </?"), when 
equations (14.221) are substituted, are equivalent to Lagrange equations for the Lagrangian 
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L = M-^Gab^^^^ - MV, (4.23) 

where 

V = V^ + lj2^^Q'eM^U%a)] (4.24) 



2 



and the matrix (Gab) is defined in (14.181) . This potential may be rewritten as 

y = ^ A, exp[2f/''(a)], (4.25) 



re5* 

1^ /n2 



where S** = 5 U {A} U {l,...,n}, = ^e^Q^, s e S, Aa = -wA and = f^idi, 
i = 1, . . . , n. Here [//^ = di, Uj = —5] + dj and all other components are zero. 
We remind that El] 



for dj < 1 and 



(t/^, [/^) = -g2 < 0, (t/^ t/^) = 1 - 1< 0, (4.26) 

dj 



(^/^ f/^) = dils) { 1 + ^ ) + KaXa.ph'^''. (4.27) 



Here and in what follows 

{U,U')=G^''UaK, (4.28) 

where the matrix (G^^) = diag(G*-^, /i"^) is inverse to (Gab) and (/i"^) = (hap)'^. 
Diagonalization. 

The minisuperspace metric G = GABdcr^ ® da^ has the pseudo-Euclidean signature 
(— , +,...,+) (since (ha/d) is a positive-definite), i.e. there exists a linear transformation 

2" = e>^, (4.29) 

diagonalizing the minisuperpace metric: G = rjabdz"' dz^ where 
iVab) = (r?"^) = diag{-l, +1, . . . ,+1), a,b = 0, . . . , N - 1; N = n + I. 
Like in the previous section we put 

z° = e\a^ = q-^dix\ (4.30) 

Let us denote 

U: = (4.31) 
a = 0, . . . , - 1, where (e^) = (e^)-^ We get 

rfijltt = {U\U'-') (4.32) 

for all r, r'. 

Then, the Lagrangian fl4.23p written in 2;-variables is coinciding (after a suitable redef- 
initions of parameters e.g. IW^ = u^, and indices) with Lagrangian (12. ip where N = n + l 
and M <\S\+n + l. 
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In what follows we will use the following inequalities [9] 

U^ = q> 0, Ul = l/q > 0, (4.33) 

j = 1, . . . ,n, and 

= d{h)/^{D-2){D-l) > 0, (4.34) 

s G S. 

Billiard restrictions. 

For tZ-vectors the restrictions 1) and 2) (see (12.41) . (12.51) ). imply (due to (14.261) and 

(^M-^SM ) 

1) > for (^7^ U') > 0; (4.35) 

2a) all ([/^ t/") > if e = -1; (4.36) 
26) = A = if e = -1; (4.37) 

s e S, j = l,...,n. 

Remark 4. For 6'^ = 1, a G A, and = —1, the inequality Eg > means that all 
e{Is) = 1, i.e. a brane with positive {U^,U'^) should have either Euclidean worldvolume 
or that containing even number of "times". The inequality ([/*, U^) > is satisfied in a 
special case when d{Is) < D — 2. 

Let S+ = {s E S : {U^, f/"*) > 0}. In this model the branes with s G 5*+ are the only 
matter components responsible for asymptotical formation of billiard walls (when e = —1 
we should put S = ). 

Kasner-like solutions and oscillating behaviour. 

Let a billiard B has an infinite volume and hence there are open zones at infinity. 
Then we get "Kasner-like" asymptotical behaviour of the metric and scalar fields in 
the limit when r +0 (for e = +1) or r — +oo (for e = —1): 

n 

g = wdT®dT + ^AiT'^'^'g\ (4.38) 

i=l 

iff^ = a'^\nT + ip^, (4.39) 

n n 

J2 dia' = J2 di{oi"f + a^a'hp^ = 1, (4.40) 

i=l i=l 

where w = ±1, Ai > 0, ip^ are constants z = 1, . . . , n; 7 = 1, . . . , Z. The the set of 
Kasner parameters a = (a"^) = {a\ a^) obeys the relations 

eU'{a) = eU%a^ = ^ \ ~ XsK^oP j > 0, (4.41) 

s G 5*+. Thus, we get (/"{a) > for r ^ +0 and f/*(a) < for r +00, s G 5*+. 

Here r is the "synchronous time" variable. The set of Kasner parameters a is in one- 
to-one correspondence with the unit vector n G S"^"^: = e^n°'/q, where (n") = (l,n). 

Proposition 3. The (non-empty) billiard B l{2.9\) has a finite volume if and only if 
there are no a satisfying the relations ( [^.^0| ) and Iji4-4i\ )- 
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This proposition may be proved just along the hne as it was done in ^ for the case 
e = +1 when all d{Is) < D — 2 and all Es = +1. We remind that for finite (non-zero) 
billiard volume we get a never ending asymptotical oscillating behaviour. 

Collision formula and scattering law. 

It was shown in [30j that the set of Kasner parameters (a after the collision with the 
s-th wall is defined by the Kasner set before the collision (a^) according to the following 
formula 

1 -2f/^(«)(t/^f/^)(f/^[/^)-l■ ^ ■ ' 

Here f/* is a brane co- vector corresponding to the s-th wall and = G^^U%. In the 
special case of one scalar field and 1-dimensional factor-spaces (i.e. I = di = 1) this formula 
was suggested earlier in p!U]. Another special case of the collision law for multidimensional 
multi-scalar cosmological model with exponential potentials was considered in [32j . 

Recently in [33] the exact 5'-brane solution (either electric or magnetic) in a model with 
/ scalar fields and one antisymmetric form of rank m > 2 was considered. All factor spaces 
Ml, Mn were supposed to be Ricci-flat and A = 0. A special solution governed by the 
function cosh was singled out. It was shown that this special solution has Kasner-like 
asymptotics in the limits r and r +oo, where r is the synchronous time variable. 

A relation between two sets of Kasner parameters ttoo and ao was found. Remarkably, this 
relation, named as "scattering law" formula, coincided with the "collision law" formula 

5 Examples of billiards related to hyperbolic Kac- 
Moody algebras 

The special class of billiards with finite volumes occurs in the model (14. ip when 

{U',U'') 



Ass'. (5.1) 



s, s' G 5+, where A = {Ass') is the (generalized) Cartan matrix for hyperbolic Lorentzian 
Kac-Moody (KM) algebra Q, see |TH [16]. In this case the billiard is a projection of the 
Weyl chamber on the Lobachevsky space H^~^ (|S'+| = is the rank of ^). Here [21] 

{u\ w') = d{is n Is') + + XsXs'K.K'Ph^^- (5-2) 

We remind that hyperbolic KM algebras are by definition Lorentzian Kac-Moody 
algebras with the property that removing any node from their Dynkin diagram leaves 
one with a Dynkin diagram of the affine or finite type. For exact solutions with branes 
corresponding non-singular KM algebras (e.g. hyperbolic ones) see |23j . 

Sometimes the billiard B may be cut into several identical (isomorphic) parts Bk so 
that any B^ corresponds to the hyperbolic algebra Q. Then the volume of B is finite. 

Example 1. Let us consider model (14. ip with D = 11, Z = (scalar fields are absent) 
and are 4-forms (a = /), / G A = {/ G {1, . . . , 10} : |/| = 3}. Thus, A contains all 
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subsets of {1, . . . , 10} having 3 elements. The number of such forms is 120. We consider 
the non-composite electric S'-brane ansatz when all di = 1. In this case the billiard B 
for e = +1 belongs to Lobachevsky space H^. It may be cut on several identical parts 
Bk (using the so-called symmetry walls) such that any B^ corresponds to the hyperbolic 
algebra Eiq with the Dynkin diagram pictured on Fig. 1. The volume of B is finite. This 
billiard appeared for composite electric S'-brane configuration with non-diagonal metric 
in D = 11 supergravity [TOl [13] . 
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123456789 
Fig. 1. Dynkin diagram for Eiq hyperbolic KM algebra 

For the model with multicomponent perfect fluid an analogous relation 



s, s' G A_|_, gives us an example of billiard with finite volume corresponding to the hyper- 
bolic KM algebra Q (with the Cartan matrix A = {Ags'))- 

Example 2. The billiard with a finite volume corresponding to the hyperbolic algebra 
EiQ occurs for D = 11 in the cosmological model with ten-component perfect fluid and 
1-dimensional factor spaces {di = 1) when the fluid u- vectors are the following: u^''^ = 
Xe(6i - 6{^^) for J = 1, ... , 9, and °^ = Xe{6f + 6f + 6}^), i = 1, . . . , 10, where A > and 
£ = ±1. This 10-component anisotropic fluid model with equations of state parametrized 
by A > and e = ±1 leads to the oscillating behaviour of scale factors for r — >■ -|-0 if 
e = +1 and for r +oo if e = —1. 

Example 3. The billiard (with a finite volume) corresponding to the hyperbolic KM 
algebra (that is number 7 in classification of [17] and Ai ji in classification of [15])) with 
the Cartan matrix 

/ 2 -2 -2 \ 
(A,') = -2 2 -2 (5.4) 
\ -2 -2 2 / 

occurs in D = 4 for the cosmological model with 3-component perfect fluid and 1- 
dimensional factor spaces {di = 1) when the fluid w-vectors are the following: = 2Xe6i, 
for i,j = 1,2,3, where A > and e = ±1. This billiard is coinciding with the Chitre's 
billiard for Bianchi-IX model {e = +1, X = 2). See Fig. 4 in [8]. 

Example 4. Another example of a billiard (with a finite volume) corresponding to the 
hj^erbolic KM algebra AE^ = JF3 {Ai^ in classification of [15]) with the Cartan matrix 




(^,0 = -1 2 -2 (5.5) 



occurs in the 4-dimensional cosmological model with 3-component perfect fluid and 1- 
dimensional factor spaces {di = 1) when the fluid u- vectors have the following form: 
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= \e{5i - 5i^^) , for j = 1, 2, and uf = 2X€5f, i = 1,2, 3, where A > and 
e = ±1. This bilUard may be obtained from that for Bianchi-IX model by cutting it into 
six identical parts (using three lines crossing the center). 

6 Conclusions 

Here we reviewed the billiard approach for cosmological-type models with n Einstein 
factor-spaces. First, we have considered a derivation of the billiard approach for pseudo- 
Euclidean Toda-like systems of cosmological origin. Then we have applied the billiard 
scheme to the cosmological model with multicomponent "perfect-fluid" and to cosmological- 
type model with composite branes. We have also formulated the conditions for appearance 
of asymptotical Kasner-like behaviour and "never ending" oscillating behavior in the limit 
T +0 and r — >■ +oo (where r is the "synchronous-type" variable) in terms of inequal- 
ities on Kasner parameters. We have also suggested examples of billiards related to the 
hyperbolic Kac-Moody algebras Eiq, AE^ and Aijj. 



This work was supported in part by the Russian Foundation for Basic Research grant 
Nr. 07 - 02 - 13624 -o/zi,. 
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